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Perturbation Solution for the Flat Spin Recovery
of a Dual-Spin Spacecraft

Jean R. Gebman*
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Euler’s differential equations for free-body attitude motion are solved for the constant bearing axis torque
recovery maneuver of a spacecraft with a symmetric rotor and asymmetric platform. The rotor bearing axis coin-
cides with the spacecraft’s centroidal principal axis of least inertia. The recovery time and the residual nutation
angle are algebraically related to the initial flat spin rate, the spacecraft inertia properties, and the bearing axis
torque. The differential equations are solved by use of two asymptotic parameter expansions of the multiple time
scale type, which are matched to a transition expansion with a limit process matching procedure.

Introduction

F the torque motor designed to maintain a speci-

fied relative spin rate between the rotor and platform of a
dual-spin spacecraft fails to operate, the friction from the
rotor bearings will cause the relative spin rate to approach
zero. Although the spacecraft angular momentum vector
must remain constant, the unavoidable dissipation of energy
will cause the spacecraft to seek a minimum energy state of
rotation as a unit about the centroidal principal axis of
greatest inertia as depicted in Fig. 1. ! Since the least inertia
axis coincides with the rotor bearing axis for the spacecraft
considered here, such a disabled spacecraft will tumble in
a plane perpendicular to the angular momentum vector. This
tumbling motion is referred to as a flat spin. If the platform is
asymmetrical and the torque motor malfunction is only tem-
porary, the spacecraft can be restored to normal operation by
restarting the torque motor and maintaining a small level of
torque in excess of that which is required to counteract the
bearing friction. As a result, the rotor will spin up relative to
the platform and the nutation angle between the rotor bearing
axis and the spacecraft angular momentum vector will be
reduced from ninety degrees to only a few degrees.”® While
this is happening, the platform spin rate about the bearing
axis starts at zero, increases, and then decreases as shown in
Fig. 2. When the bearing axis component of the platform rate
passes through zero the second time, the motor torque is
reduced to exactly counteract the bearing friction. At this
time, the spacecraft has reacquired the desired relative spin
between the rotor and the platform and the platform is essen-
tially motionless, except for a small residual nutation of the
entire spacecraft about the angular momentum vector. In
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practice, this wobble is removed by a nutation damper, but
this aspect of the recovery is not treated here.

The objective of this paper is to represent this recovery
process by an asymptotic solution to the governing dif-
ferential equations of attitude motion. This perturbation
solution is used to show that the recovery time is inversely
proportional to the torque, whereas the residual nutation
angle [7(7)] is related to the recovery time (7,) by the flat
spin recovery rule

G=Q T,57°(T)) 1)

where Q is the initial flat spin rate and G is a constant depen-
dent upon the spacecraft’s inertia properties. The exact form
of G will be developed later in the paper. In spite of the sub-
stantial analytical effort required to obtain such results, the
simple manner in which the result captures the role of each of
the pertinent parameters illustrates the powerful ability of
asymptotic perturbation methods to deal effectively with
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complex systems, such as those encountered in the study of
spacecraft. attitude dynamics. Of particular note is the
development of approximate analytical solutions that con-
tribute to the advancement of a general body of knowledge,
which may be used to guide the design and operation of future
space systems. Previously, the capability of a particular
design to recover from a state of flat spin has been studied by
numerical integration of the governing equations; a set of
coupled, nonlinear, ordinary differential equations. In the
present work, the perturbation analysis combines the earlier
methods of matched asymptotic expansions with the more
recent methods of multiple time scales to treat the three-time
intervals of interest. In addition, limit process matching
techniques are introduced to allow an intractable parameter-
free transition layer differential equation to be numerically in-
tegrated. Parameter-free initial conditions are determined by
matching with another solution. Since the transition layer dif-
ferential equation and its initial conditions. are free of any
parameters, the differential equation must be integrated
numerically only once for all possible cases.

Problem Formulation

The system to be studied consists of two freely spinning
rigid bodies, whose relative motion is restricted to rotation
about a common bearing axis. This axis is the spacecraft’s
centroidal principal axis of least moment of inertia. It also is
the symmetry axis for one body (the rotor) and the centroidal
principal axis for both this body and the second asymmetric
body (the platform). The relative motion between the rotor
and the platform is maintained by a motor, which is used to
counteract the bearing friction torque and maintain a desired
platform attitude orientation about the bearing axis during
normal operation. During the flat spin recovery, this torque is
maintained at some constant value (say L) in excess of the
bearing friction torque.

Let the spacecraft centroidal principal axes be numbered
according to decreasing moments of inertia for the spacecraft
(i.e., the 3 axis is the least inertia axis, which is also the
bearing axis, etc.), and let [, and K, denote the spacecraft
centroidal principal moments of inertia for the platform and
rotor, respectively; since the rotor is axis-symmetric K, =K.
Then the differential equations governing the recovery
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process may be written as

(I, +K;) (dW,/7dT) = (I;+K, - 1;) W, W;
= -K; W, W, (2a)

(L+K)) (AW,/dT) + (I, +K,-1;) W, W;

=K; W, W, (2b)
L(AW5/dTy — (I, —~ LYW, W, = —L 0)
K5 (dW,/dT) =L d)

where W, are the components of the platform inertial angular
velocity vector projected onto the spacecraft principal axis
system, and W, is the bearing axis component of the rotor
inertial angular velocity vector.
The flat spin initial conditions are

W, (0)=0Q WL (0)y=W;(0)=W(0)=0 3)
Subsequent to the initial time, W; can be decomposed into a
periodic part W; and a nonperiodic part W;. For this
discussion, the recovery time 7 is arbitrarily designated as
the value of 7 when the nonperiodic part (#;) becomes zero
for the second time, as depicted in Fig. 2:

Wi(Ty) =0 )

The motivation for this prescription of the recovery time will

become evident once the perturbation solution is obtained.
Equations (2-4) can be placed in a form suitable for the per-

turbation analysis by defining a new set of variables®

a +K)W, W,

A = 5
TTLYK)e 0 (52)
L+K)W
2é-( 2 I) 2 (Sb)
I, +K)HQ
LW;+K;W,
Bt (50)
(I, +K)Q
KW,
2 =i (5d)
(XI}
EaT (5¢)
where
A I]+K[ ><11+K1 ):I%
A .y -1)| e
* [( I; L+K, ©)

It is of interest to note that x,, x,, and x; represent the nor-
malized components of the angular momentum vector for the
spacecraft principal axes; thus

x?+xi+xi=1 (7a)

must be a first integral of Egs. (2) when they are rewritten in
the form

dx, 1-\2
E——)\—X_;XZ'FE[XZZO (7b)
dx, 1
W"’TX}X/"EZ‘X]:O (7C)
dx;

Ss=el (7e)
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with
e
- — (8b)

(L +K,—L)[(I,+K,;)/ (I, +K;) = 1]1Q°

where ¢ is the appropriate smallness parameter for the asymp-
totic perturbation analysis. The initial conditions, Eq. (3),
then become

x(0)=1 (9a)
X,(0)Y=0 (9b)
x3(0)=0 (9¢)

and the normalized form for the final time specification is ob-
tained from Egs. (4, 5¢c, and 7e), by defining %;(#,) as the non-
periodic part of x;, whereupon the final recovery time con-
dition becomes

& (1 5( L )t—O (10)
) —e g \7 5K,/

Perturbation Solution

Construction of an asymptotic solution’-® for the governing
differential equations requires separate consideration of the
system’s behavior in each of the three regions indicated in Fig.
2. In the first region, a straightforward expansion is used to
establish the order of magnitude of the oscillation in region 1.
Because this expansion fails to capture the slowly varying
frequency and amplitude of oscillation characteristic of this
region, a multiple scale expansion then is used to include these
features of the behavior. Next, the transition region (region
II) is considered. Here it is found that a straightforward ex-
pansion is adequate after the time scale is stretched. In region
II1, another multiple scale expansion is developed to again
capture the slowly varying amplitude and frequency of
oscillation for region III. Space limitations have made it
necessary to sharply attenuate any discussion of the
procedures for developing the various expansions. Additional
details concerning these procedures may be found in Refs. 6-
8.

Region I

The system behavior in this region is dominated by the
coupled oscillation between x, and x;. The order of
magnitude of the oscillation is established by considering a
straightforward asymptotic expansion

X6 &)=Y u(uy(0);  i=1,2,3 )
j=1

which yields the initially valid asymptotic solutions

x;(t;€)=1+0(e) (12a)
X, (L €) =e—e cost+0(e?) (12b)
X3 (t;€) =eNt—eh sinf+0(e?) (12¢)

Equations (12) correctly indicate the relative sizes of the
variables of interest, but they fail to provide adequately for
the slowly varying drift of x, and x, and the slowly varying
oscillation frequency and oscillation amplitude for x, and x;,
even after considering higher order terms. These features are
captured by considering a two-scale representation

x;(te) =%z, (D) + Yopy () uy (1*, B %
i=1

i=1,23 ‘ (13)
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where 6, is the Kronecker delta function, 7 is the “slow”’ time
scale, and ¢* is the ‘“fast” time scale. As suggested by the
initially valid solution, choose

pir(e) =¢ i=1,23 (14a)
2 ent ‘ (14b)
and write the governing equation for * as

der/de=vy (1) (14¢)
where the slowly varying function ¢ (f) is to be determined by
imposing the condition that the oscillations be of constant
frequency on the ¢* scale. By use of the two-scale represen-

tation of Eq. (13), and following the usual multiple scales
procedure, ® the region I asymptotic solution becomes

xi(te)y=(1—12) " +eNi(I —=12) ~“sint* +0(e?)  (15a)

xL(e)=e(I—12) ~"~e(I—F2) Y cost* +0(e?) (15b)

xL(te) =F—eN(1—12) Ysint* +0(e?) (15¢)
where
- sin = {f
t‘={1/ 1—-i2)y" ¢ }t 15d
2( ) 2 (15d)
f'=eNt (15¢)

The leading term of the initially valid solution for x; [Eq.
(12¢)] becomes disordered for times > 1/¢, where A is an 0(1)
parameter. Thus, Eqs. (12) are said to be valid initally only
for t< <1/e. The two-scale solution [Egs. (15)] are also
valid only in a limited region (termed region 1) because of the
singularity at f=1. The region containing this singularity
termed region II) is considered next.

Region I1 )

The coupling of the dominant oscillation changes from x,
and x; (region I) to x,; and x, (region II) in the neighborhood
of the singularity (=1) in the region I asymptotic solution.
Region II thus is considered to be a thin transition layer in the
neighborhood of the singularity f=1. An inner expansion,
valid in this layer, may be obtained by use of the stretched
time scale 7

2 (7= 1)/8(e) (16)

together with a straightforward asymptotic expansion of the
form

X (e) =6+ Yuyuy (D) i=1,2,3 (17)
J=0

as suggested by the region I asymptotic solution. Substitution
of Eq. (17) into Egs. (7) leads to a distinguished limit with

proley=e” (18a)

paofe) =ps(e) =d(e)=¢” (18b)

and the first set of approximate differential equations, which
may be récast in the form

,d%uy, , -
A dfz +(1/2 Up + 1t + C)u10:0 (193.)

Uz = — (du,,/dD) (19b)

u30=—c41/2 uio (19C)
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where ¢ is an integration constant to be determined from
matching. The transition equations [Egs. (19)], may be put
into a parameter-free form with the change of variables

y A u (20a)
f+
2 )\%C (20b)
from which
dz
dr); + Yy’ + y=0 (20¢)

Before numerically integrating Eq. (20c), the asymptotic
initial condition must be determined by matching the asymp-
totic behavior of the appropriate branch of the solution of Eq.

(20c) to the asymptotic behavior of the region I expansion.

For this purpose, the asymptotic expansion [Eq. (17)] is writ-
ten in terms of the new variables y and 7, using Eqgs. (18, 19b,
19¢, 20a, and 20b):

X =e" N y+0[p; ()] @1a)
xf= =T (dy/dr) + 0[py(e)] (21b)
xfl=1—e¥c—e "N V2 2 + 0 [p3(e) ] (21¢)

Matching to order ¢ (e) requires”?

13{% ( Ir _ lll’) /g-(e) —_ (228.)

in fixed -
where {(¢) is an arbitary function of e,
£ & (F= 1) /() (22b)

I>>n(e)>>e” (22¢)

and x" and x'"" are simply x' and x!' expressed in terms
of £,. When Egs. (15, 21, and 22b) are used to formulate xlr
and )ﬁ“" and the resulting expressions are matched to order
one [i.e., {(e) =1] using Eq. (22a), the following limits for
the x;, x,, x; components of x!"—x!" are obtained (higher-
order terms in each limit have been neglected):

lim (y—(—e " "N""29t,) 1 =0 (23a)

Iy fixed

fim {(dy/dr, —e "N\~

in fixed

“n(=2nt,) "7 }=0
(23b)
lim

0 (P2+e "N ""29t, 42N} =0  (23¢)

iy fixed

Satisfaction of Egs. (23a) and (23¢) requires that ¢=0.

From Egs. (16, 18b, 20b, and 22b), one obtains an ex-
pressmn for ¢, in terms of 7, which is arbitrarily designated
as 7{ for the left side of region 11, i.e., ¢, <0,

77[7) :61/3)\1/37,[

Incorporation of this expression into Egs. (23a) and (23b)
yields the appropriate initial conditions for matching:

y(rhy=(-219" (24a)

%i— (rtHY=-1/(=2t% " (24b)
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subject to 7/~ oo, since for £, <0 and n(e) > >e”

lim i=lim e N "Ppr, =~
e—~0 e—0
Ly fixed Iy fixed

Numerical integration of the transition equation [Eq. (20c)]
may now commence with the asymptotic initial conditions,

. Eqs. (24), and a suitably small value for 7¢ (e.g., —1000).

First, however, one must determine the form of the expected
asymptotic behavior as the solution passes through the tran-
sition layer on the right side. To accomplish this, let

xird e ( lim  y[7(1,; €)]; e) (25a)
e
where x''" is x!' expressed in terms of ¢, rather than 7, and
1,2 (F=1)/v(e) ' (25b)
1>>v(e) >>e” 25¢)

From Eqgs. (16,20b, and 25b) 7 is expressed in terms of t,as
‘r"-A—-T(t,,) =vl, /e *N"
Hence,

lim 7"=+4 oo,

=0
1, fixed

(£,>0)

Now, to preserve the constancy of momentum [Eq. (7a)], »
must remain bounded as 7" — + co. Thus, for sufficiently large
values of 7", the middle term in Eq. (20c) will be small as com-
pared to the other terms, and this equation can be ap-
proximated by

d2

i r2 (T"—~+ )

+ 77y=0,

The descending solution for y now may be expressed in terms »
of the decending Airy functions as 7" — + oo (Ref. 10)

y=a; Ai(1") + a, Bi(1") (26)

where @, and a, are constants. Selection of the descending
solution for y is justified by the boundedness imposed by the
constancy of momentum relation, Eq. (7a). The asymptotic
behavior of Eq. (26) for 7" — + o is

y=Ag(7") “Mcos{¥(17) 77 + ¢) @7

where 4, and ¢, are constants to be determined from the
numerical integration. Thus, one _expects the asymptotic
behavior of y to be of this form as 7" — + oo in the transition
equation [Eq. (20¢)].

Integration of the transition equation [Eq. (20c)] with the
asymptotic initial conditions [Eq. (24)], for 7 suitably close
t0 —oo, say -1000, proceeds to 7 suitably close to + oo, say
+250. Fitting Eq. (27) to the numerical results for large 7
yields

Ay=0.939 bo=116° (28)
It can be confirmed that Eq. (27) is the asymptotic behavior of
a solution to Eq. (20c) for 7"~ + o by assuming an asymp-
totic expansion for y,

y=yo+y;+... lim (y,/y))=0 29

'~ 4o

and demonstrating that, if y, is given by Eq. (27), then it
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follows from Eqs. (20c, 27, 28, and 29) that

¥y, =0(TrA7/4)
Clearly y, decays more rapidly than y, [where y, is given by
Eq. (27)] as 7"— + . Then, using Eqs. (17-20, 25, 27, and
28), the asymptotic behavior of the region II solution may be
written in terms of ¢, for the right side of region II

X (ge) =™\ 0.939(vt,) 7%

-cos{i(ut )3’2+116°}+ (30a)
3o 0
XV (te)y =€ N""0.939(vt,) *

. 2 -]
-sm{~(vt,,)3/2+116}+... (30b)
3er

XV (e) =1—¢€h 0.220 (v1,) ~%

—eN 0.220 (vt,) —"
2

-cos{—)\l/s(vty) 32 +232°} +... (30c)
€

This asymptotic behavior of the region II solution will be used
to match the asymptotic behavior of the region III solution.
The transition region solution is given by Egs. (17, 18, and
20), with y having been determined by numerical integration
of Eq. (20c) for the asymptotic initial conditions [Eqs. (24)].
In theory, one could tabulate the function y for future
reference. However, for our purposes, the primary role of the
transition solution is to provide an asymptotic expansion
[Egs. (30)] for use in matching the region II and region III
solutions. (Note that the transition region is only of O(e ) on
the f scale. This can be seen from Egs. (16) and (18b) by
requiring that #be of 0(1) in the transition region.)

Region 111

The final recovery time condition [Eq. (10)] cannot be
satisfied, for the general case, either by the region II ex-
pansion, Eqgs. (21), or its asymptotic behavior, Egs. (30).
Therefore, there must exist a region I1I to the right of region
I1, as illustrated in Fig. 2. The asymptotic solution for this
new region (say x''"') must have an asymptotic behavior on the
left side that agrees with the right-hand side asymptotic
behavior of the region II solution. One expects the region 111
solution to start with a coupled oscillation, between x,; and x,,
of order ¢ " [see Egs. (30a) and (30b)]. Figure 2 indicates that
the region III solution may involve a slowly varying frequency
and amplitude. Thus, it is reasonable to try a two-scale
representation

X(Be)=0s+ Y py(uy (1, D i=1,23  (3la)
j=1

with

prle)=py(e)=e¢”  uz(e)=¢ (31b)

as suggested by x!", Egs. (30). The slow and fast time scales
are given by

TR Nt (32a)
and
dre/dt=y(1) (32b)

respectively. The slowly varying function ¢ (?) is determined
by imposing the requirement that the oscillation be of con-
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stant frequency on the r* scale. Proceeding in the usual
multiple scales manner”® (intermediate details may be found
in Ref. 6), the region III asymptotic solution becomes

XM (te)y = — e A (T, /T,) “cos{t* + ¢ (£) } +0(e¥?)(33a)

x¥i(te) = =€ Ag(T,/T)) “sin{r* + (1) } +0(e’?) (33b)

AT, +T,)
I f fopy — 7 o] 2
X3 (ey=1—¢ 4(I‘,F2)V2
- _ AN {20 +2¢ (1 0(e? 33
64(1“,1‘2)'/2 cos d(1) ] +0(e?) (330)
where
* 1 )\2 Va
r=— {5 (e ) @
LA v A2
—gfn[Z(I‘II‘Z) +2<I‘2+~2—>]+cw} (33d)
&(1) = 8}\2[ )\Z{fnr‘g—(l AL} + (4=22) 1 +c,
(33¢)
T (D =i—1+)\? (33f)
Iy (H=i-1 (33g)

where A, ¢, and ¢, are integration constants to be determined
by matching the left-hand side asymptotic behavior of x'" to
the right-hand side asymptotic behavior of x!!. The matching
condition requires that for matching to order ¢ (),

1r XIIN
lim (‘————) =0 34
=0 $(e) G4
1,fixed

where x'"" is simply x""" expressed in terms of the ¢, variable,

which was introduced in Eq. (25).
Rewriting Egs. (33) in terms of ¢,, it is found that

M ey = N A (v2,) ~cosd M 4 . (352)
XM (frey =NV A, (vt,) Hsing M+ .. (35b)
A2
A
X (Ge) =1 —e—2= (v,) ="
A2
— 207 (pt,) ~Yicos26ME 4 (35¢)

HI¢ 1 372 )\2 2 2
0 = (V[ ) + — ——8—Pn)\ +0(V )]
€

)\2
A3
7{2 >\2—— (I-N)m V}

+ (5—2%)»

- 6)\2 (35d)

Then matching of all the terms in Egs. (35) with corre-
sponding terms in Egs. (30) yields

c,=(N/8)f \? (36a)

116° A3 3
— _1) . { \2_ = )2 2}
Co (1800 T——-{2-\ 7 =2 (36b)
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Ay=0.939 (36¢)

with all of the remaining terms in Eqs. (30) being of higher or-
der than those that were matched. Thus, the matched asymp-
totic solution for region I1I is given by Eqgs. (33) and (36).

Recovery Rule

The asymptotic solution for region III [Egs. (33) and (36)]
now is used to determine the final recovery time and the flat
spin recovery rule [Eq. (1)]. The nonperiodic part of the
asymptotic solution for xi!' is, from Eq. (33¢),

{r—1+Y2N?

%5 () =1 =040 sy e

+0(e?) 37

Substitution of Eq. (37) into the recovery condition [Eq. (10)]
yields

1 {0440 oI+ v +o b r}
G120 (G=D1" " e L+K, ’
+0(e2) =0 (38)

In order to obtain an approximate expression for the recovery
time (Z,), make the change of variables

Ty (39a)
and expand the new variable in powers of ¢, say
[=ty+ef; +0(e?) ' (39b)

Substituting Egs. (32a) and (39) into Eq. (38), and comparing
like powers of ¢, leads to the results

lo=J~1 (40a)
fy=—0.440 [J2 = (U= ¥5N")J @ob)
T [J2=2(1=VaA2)J+I—-N2]"
where
ga_ Ltk 400
11+K1-13
Thus, from Egs. (32a, 39, and 40),
v=2{3]
T e N
_ - .
{ A <[J2—2(1—1/2}\2)J+1_)\2]v2 (e)(4D)

Substitution of Eq. (41) into Eq. (37) yields

%5(1) =1—e[0.440[1+ v:(%)} %] +0(e2)  (42)

Observe that the nutation angle () may be expressed in terms
of x; as

n=sin~/ (1—x§)’/’z

It is suitable for present purposes to define the residual
nutation angle based upon the nonperiodic part of x;,

7ty Esin ! [1-x3(15) 1% 43)

Substituting Eq. (42) into Eq. (43) yields

7(L) =€” [0.939{1+‘/z<1121_:1?1 )} %]+0(e“) (44)
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The flat spin recovery rule {Eq. (1)] then is obtained by com-
bining the leading term in the expansion for ¢;, Eq. (41), with
Eq. (44) in order to eliminate ¢ from Eq. (44). The resulting
expression for G is

11—12 V2
[1+n(5=2)]
L+K, .
I I,—-1
(1_ 3 )( I 2) 45)
I, +K; I,+K,

where T, in Eq. (1) is related to ¢, by Eq. (Se)

G=0.880

Tr=(1/a)t, (46)

and « is defined in Eq. (6).

The required torque level for a given flat spin recovery
operation may be determined from Eq. (41) by simplifying
that expression with the help of Egs. (46, 40c, 8, and 6), where
for a specified recovery time 7 and initial flat spin rate Q, the
required excess torque level L is given by

This torque level (in excess of the bearing friction torque)
generally will be very small in order to insure that the residual
nutation angle is small enough to be completely removed by a
nutation damper, which becomes effective only during the
final stages of recovery.

Comparison with Numerical Integration Results

For a given spacecraft (i.e., values for I,,K,) and a set of
operating conditions (i.e., values for @ and L), one may com-
pute the approximate time for recovery and the approximate
residual nutation angle from Eqs. (1) and (47). Table 1 pre-
sents a comparison of such approximate results with the
results of numerical integration of the governing differential
equations [Eqs. (2)], for 27 cases. The cases have been ordered
according to increasing normalized parameter values of ¢ and
N in order to illustrate the impact of the size of € and X\ upon
the accuracy of the results. The recovery time has been repor-
ted in the nondimensional form T,4.

The error in the asymptotic estimate of the recovery time is
less than a few percent, provided that e<0.1 and A>0.1. The
error in the asymptotic estimate of the residual nutation angle
is less than 10%, provided that e < 0.02 for the indicated range
of values for A. For reasonably small values of ¢ (say e<0.1)
and for A> > e [recall that we stipulated that A would be an
0(1) parameter], the percentage errors are within quite ac-
ceptable bounds for the purposes of the present analysis. It is
of interest to note, however, that the errors do not seem to
follow any particular pattern. The data in Table 1 show why
this is the case. As an example, consider cases 10 and 11. The
percentage error in the asymptotic estimate of the residual
nutation angle ‘‘jumps’’ from ~11.8 to —1.7% for only a
3% increase in e (the changes in \ and «/Q are less than 1%).
It can be seen from the form of the asymptotic solution [Eq.
(44)] that as e increases the residual nutation angle also in-
creases. This generally is the case with the data in Table 1.
However, with cases 10 and 11, it is observed that, as the
value of ¢ increased by 3%, the residual nutation angle from
the numerical solution decreased by 9%. Obviously, the
spacecraft motion, as evidenced by the numerical solution, is
not completely represented by the leading terms of the asymp-
totic expansions [e.g., Eq. (44)]. This is to be expected since
the asymptotic solution is only as accurate as the number of
terms retained. In theory, consideration of higher-order terms
would account for some of the observed variability in the
results.

The order of the error of the asymptotic estimate of the
residual nutation angle can, of course, be estimated from Eq.
(44), since the error committed by truncating the asymptotic
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Table1l Comparison of the asymptotic and numerical solutions for the recovery time and the residual nutation angle
Percent deviation by
Normalized parameters the asymptotic
in'the asymptotic solution Numerical solution solution
Nondimensional Residual
recovery nutation Residual
Case time angle, Recovery nutation
number € A a/Q TQ deg time, % angle, %
1 0.005 0.5 0.5 1596 3.75 0.2 4.5
2 0.005 0.75 0.75 709 4.07 0.2 - 0.5
3 0.00779 0.3385 1.354 349 5.15 0.3 - 29
4 0.01 0.25 0.25 3186 5.48 0.3 - 1.0
5 0.01 0.5 0.5 796 5.25 0.3 5.6
6 0.01 0.75 0.75 354 5.50 - 0.3 4.1
7 0.01014 0.2083 0.8452 695 5.45 0.4 1.5
8 0.01205 0.2722 1.0885 348 6.08 0.5 0.5
9 0.02028 0.2083 0.8452 345 8.42 1.0 - 7.0
10 0.02143 0.2041 0.8166 345 9.11 1.0 —-11.8
11 ' 0.022 0.2025 0.8099 343 8.28 0.8 - 1.7
12 0.05002 0.25 0.25 625 12.35 1.8 - 1.8
13 0.04998 0.5 0.5 157 11.25 1.7 10.2
14 0.05 0.75 0.1876 688 14.58 2.8 —16.1
15 0.10004 0.25 0.25 302 19.39 4.7 —11.5
16 0.10003 0.3 0.3 212 17.27 3.6 — 04
17 0.10001 0.4 0.4 120 16.79 3.1 33
18 0.1 0.5 0.5 73 22.90 7.7 —23.5
19 0.09999 0.6 0.6 54 ‘ 16.19 2.5 9.5
20 0.1 0.7 0.7 39 18.66 34 - 3.7
21 0.1 0.75 0.75 33 21.88 7.2 ) —-17.3
22 0.10178 0.093 0.3774 319 23.77 8.3 —-27.5
23 0.10968 0.0616 0.4774 320 23.75 7.9 —24.7
24 0.12143 0.0858 0.343 322 23.18 7.4 —18.8
25 0.13601 0.1085 0.271 306 29.05 12.7 -31.4
26 0.2 0.5 0.5 35 27.26 11.5 - 9.1
27 0.2267 0.198 0.1484 283 36.30 20.7 —29.2

expansion after the first term is numerically of the order of
the second term. Thus, the error should be of 0(¢*?). This
requirement is satisfied in Fig. 3, where the error of the
asymptotic estimate of the residual nutation angle is plotted as
a function of e for the 27 cases considered in Table 1. Nearly
all of the points (89%) lie below the line 5 ¢¥2, and 78% of
the points lie between that line and the line 0.5 ¢°2. This
demonstrates that the error is growing as e*? as expected
from Eq. (44).
Example Application

The flat spin recovery rule developed in the preceding can

be of significant value for evaluating or modifying a given
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Fig. 3 The ¢ dependency of the error in the asymplotic estimate of

the residual nutation angle for the cases in Table 1.

spacecraft design in order to improve its recovery charac-
teristics. (The term recovery characteristics refers to the
recovery time and residual nutation angle.) In order to assist
in the consideration of specific systems, a graphical represen-
tation of the recovery rule will be developed.

The relationship between the recovery characteristics and
the ratio G/Q is displayed in Fig. 4, which is based on Eq. (1).
Subsequent discussions will be concerned with values of G/Q
of roughly 3 to 100 sec. Figure 4 shows that the achievement
of a residual nutation angle as small as 6° to 10° will require a
few minutes to a few hours, in this range of values for G/Q.
Although it would be desirable (from the flat spin recovery
point of view) to have a high value for Q, normal operating
conditions are typically such that Q@ may be in the neigh-
borhood of 1 to 3 rad/sec. The role of the spacecraft inertia
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Fig. 4 Tradeoff between the recovery time and the residual nutation
angle.
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properties is rather complicated, and for that reason, Fig. 4
simply summarizes these effects in the form of the G constant.
In order to gain a deeper insight into the significance of this
constant, the expression for G [Eq. (45)] has been plotted in
terms of the two inertia ratios appearing in Eq. (45) (Fig. 5).
For convenience, the following terms will be used to refer to
these ratios

I
3 —Platform Bearing Axis Inertia Ratio= BAIR
I, +K,
Il "12 . . .
= Platform Inertia Difference Ratio=I1DR

Figure 5 shows that the value of G increases quite rapidly for
values of the platform BAIR in the range of 0.8 to 1. Note
that the BAIR must be greater than zero and less than 1 ac-
cording to axis convention. The only restriction on the value
for the platform IDR is that it must be greater than zero.
Since the IDR takes on such a wide range of values, and has
such a substantial impact on the value of G, the dependence of
the IDR upon the spacecraft’s inertia properties will be con-
sidered next (Fig. 6). )

Figure 6 shows that the value of the IDR decreases quite
rapidly for values of the transverse inertia ratio (/,/1,) in the
range of 0.8 to 1.0. Note that the transverse inertia ratio (/,/
I,) must remain less than one. The only restriction on the
rotor inertia ratio (K,/I;) is that it must be greater than zero.
If the transverse inertia ratio (I,/1;) is in the neighborhood
of 0.6 or less, the rotor inertia ratio (K,;/I;) exercises con-
siderable influence over the value of the IDR.

Figure 4 shows that, in order to achieve more favorable
recovery characteristics, it is desirable to reduce the value of
G. If the value for the BAIR (Fig. 5) is already less than 0.8,
then the most effective way to do this is to increase the IDR
(Fig. 5). In addition, if the value for the transverse inertia
ratio (I,/1,) is less than 0.6, then the most leverage is ob-
tained by reducing the mass of the rotor (i.e., the rotor inertia
ratio K,;/I,— see Fig. 6).

The foregoing discussion has considered the algebraic
dependence of G upon the inertia properties (;,1,,1;,K;).
There are, however, certain constraints that the inertia
properties must satisfy. These constraints result in certain
limitations (which are not apparent in Fig. 5) on the possible
value of G. First, by the axis convention,

I,>1, , (48a)

I,+K,>1;+K; (48b)

In addition, the sum of the inertias for any two principal axes

must be greater than, or equal to, the inertia for the third
principal axis. Thus, for the platform

I+1,=1, (48¢)

L+1;=1, (48d)
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Fig. 6 Dependence of the inertial difference ratio (IDR) on the
spacecraft’s inertia properties.

Ii+1, =1, (48¢)
and the rotor

2K, =K; (481)

and for the overall spacecraft

L+0+2K, 21, +K, (48g)
L+L+K; =1, (48h)
L+K;+1, =1, (48i)

Figure 7 incorporates these constraints in presenting the
possible range of values for G as a function of the allowable
values for I; /I, and I, /I, for selected values of K, /I, and
K; /1;. For example, if K; /1;=1.0 and K; /I,=1.0, then
all possible values of I, /I; and I; /I, lie within the triangle
ABC in Fig. 7. The resulting values of G range from 4 to over
100. The right-most limiting line (or placard) is given by Eq.
(48a). The lower left placard comes from Eq. (48d). The up-
per left placard comes from Eq. (48b) for the indicated values
of K; /I;. The noted constraint on K; /I, comes from Eq.
(48f). Equation (48c), 48¢, and 48g-48i) are constraints that
are weaker than the aforementioned placards. As an example,
consider a hypothetical spacecraft in a flat spin with

Q=3.5 rad/sec
and the following principal inertia properties
1,=475 slug-ft? K;=525 slug-ft?2
I,=465 slug-ft> K,=525 slug-ft?
I,=160 slug-ft> K;=500 slug-ft?
relative to the spacecraft center of mass. Then
K, /[;=11 I,/I,=0.98
IDR=(I,-1,}/(I,+K,)=0.01
BAIR=1;/(I,+K,)=0.16
and from Eq. (45)

G/Q2=30 sec
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Assume that the flat spin recovery characteristics associated
with a G/Q of 30 sec (see Fig. 4) are unsatisfactory. Fur-
thermore, assume that the value of @ (already 3.5 rad/sec)
cannot be increased. Now determine what changes would lead
to a spacecraft design with a G/Q of 3 sec. (Such an im-
provement would result in a tenfold reduction in the recovery
“time for a given residual nutation angle.)

Turning to Fig. 5 and noting the location of the point
(IDR =0.01, BAIR =0.16) for this hypothetical design, one
sees that there is a very little benefit to be achieved by
decreasing the BAIR. Thus, a tenfold reduction in G requires
an increase in the IDR from 0.01 to about 0.1. Considering
Fig. 6 and noting the location of the point

(I1,/1,=0.98 K,/I;=1.1)
for this hypothetical spacecraft design, it is clear that the most
leverage is obtained by reducing 7,/I,. In particular, a reduc-
tion of I,/I, from 0.98 to about 0.81 would achieve the
desired tenfold increase in the IDR, and thus the required
tenfold increase in G. Of course, the indicated reduction in
I, /I, might not prove to be practical when other constraints
on the design of the hypothetical spacecraft are considered.
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However, inspection of Fig. 7 for K, /I, =1.1, I, /I, =0.34,
and 7,/I,=0.81 shows that such a set of values describes a
physically possible spacecraft [i.e., the inertia constraints of
Eqgs. (48) are satisfied]. The present purpose, however, only
has been to illustrate the application of the flat spin recovery
rule to a hypothetical design.

Conclusions

Dynamical analysis of the attitude orientation of even the
simplest of dual-spin spacecraft normally leads to a system of
highly coupled nonlinear ordinary differential equations,
which defy general analytical solution. Sometimes it is
possible to identify particular steady-state motions for which
exact analytical solutions may be obtained, and in such cases,
one may examine the stability of these solutions by
linearization or the direct method of Liapunov. Most such
analytical studies have treated the unforced or homogeneous
problem, in which the rotor is spinning at a constant rate
relative to the platform. This paper has treated the more dif-
ficult problem of determining the transient response for the
forced or nonhomogeneous case, in which the rotor is being
accelerated by a constant torque. In this case, the entire
spacecraft undergoes large changes in angular orientation.
This feature makes it necessary to employ the tools of per-
turbation analysis, based upon asymptotic parameter ex-
pansions instead of the linearization technique often used in
stability analysis. The resulting solution of the constant
torque two-body problem, for.the simple case in which the
bearing axis coincides with the centroidal principal axis of
least-moment inertia of the system, represents a significant
first step in adapting asymptotic perturbation methods to the
study of the dynamical behavior of space systems with
multiple moving parts.
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